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On The Coefficient Conjecture of Clunie and
Sheil-Small
Yas¸ar Polatog˜lu, Oya Mert∗ and Asena C¸etinkaya
Abstract
In this paper, we first prove relation between analytic and co-analytic part
of the class harmonic univalent functions SH(S) := {f = h+ g| h ∈ S} by
means of second dilatation is constant. Next, we verify the coefficient con-
jecture of Clunie and Sheil-Small for class of harmonic univalent functions.
Finally, we obtain distortion bounds of this class.
1 Introduction
Planar harmonic univalent mappings and related functions have applications in the
diverse fields of Engineering, Physics, Electronics, Medicine, and other branches of
applied mathematical sciences. For example, E. Heinz [5] in 1952 used such mappings
in the study of the Gaussian curvature of nonparametric minimal surfaces over the
unit disc. Harmonic univalent mappings have attracted the serious attention of
complex analysts after the appearance of a basic paper by Clunie and Sheil-Small [2]
in 1984. The works of these researchers and several others (e.g. see [6, 11, 12]) gave
rise to several interesting problems, conjectures, and questions in harmonic univalent
theory.
Let H be the family of continouos complex-valued harmonic functions f = h+ g
defined in the open unit disc D := {z : |z| < 1}, where h and g has the power series
expansion h(z) =
∑∞
n=0 anz
n and g(z) =
∑∞
n=1 bnz
n. Here h the analytic and g the
co-analytic part of f . The Jacobian Jf of a function f is
Jf(z) = |fz(z)|
2 − |fz(z)|
2 = |h′(z)|2 − |g′(z)|2,
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where f = h + g is the harmonic function in D. A harmonic mapping f = h + g
defined in D is sense-preserving if |h′| > |g′| in D; sense-reversing if |h′| < |g′| in
D. An analytic univalent function is a special case of an sense-preserving harmonic
univalent function. For analytic function f , it is well known that Jf(z) 6= 0 if and
only if f is locally univalent at z. For harmonic functions we have the following
useful result due to Lewy:
Theorem 1.1. [8] If f = h+ g is a complex-valued harmonic function that is locally
univalent D ⊂ C, then its jacobian is Jf(z) 6= 0 for every z ∈ D.
Theorem 1.2. [1] An analytic function is injective in some neighborhood of a point
if and only if its derivative does not vanish at that point.
Note that f = h + g is locally univalent and sense-preserving in D if and only if
the second dilatation |w| < 1 in D (see [8]). We let SH be a subclass of functions f
in H that are univalent and sense-preserving harmonic mappings f = h + g defined
in D, normalized by the conditions f(0) = 0 and fz(0) = 1 in D. Thus a function
f = h+ g in SH has the representation
f(z) = z +
∞∑
n=2
anz
n +
∞∑
n=1
bnz
n, z ∈ D. (1.1)
It follows from the sense-preserving property that |b1| < 1. If we restrict with an
extra condition of normalization that fz(0) = b1 = 0, then the class SH is denoted
by S0H. We observe that for g(z) ≡ 0 in D, the class SH reduces to the class S of
normalized analytic univalent functions in D. Thus, S ⊂ S0H ⊂ SH. For history of
families S and SH, the reader may refer to [4, 9].
In 1984, Clunie and Sheil-Small [2] investigated the class SH as well as its geo-
metric subclasses and obtained some coeffcient bounds. Clunie and Sheil-Small [2]
discovered a result for the family S0H, analogous to the Koebe function which is in
the class S. In fact, they constructed the harmonic Koebe function k0 = h+ g ∈ S
0
H
defined by
k0(z) =
z − 1
2
z2 + 1
6
z3
(1− z)3
+
1
2
z2 + 1
6
z3
(1− z)3
. (1.2)
Additionally, Clunie and Sheil-Small [2] obtained the following harmonic analogues
of the Bieberbach conjecture for the family S0H.
Conjecture 1.3. [2] If f = h+ g given by (1.1) is in the class S0H, then
(i)
∣∣|an| − |bn|∣∣ ≤ n, n ≥ 2.
2
(ii) |an| ≤
(2n+1)(n+1)
6
, n ≥ 2.
(iii) |bn| ≤
(2n−1)(n−1)
6
, n ≥ 2.
Equality occurs for k0 which given in (1.2)
Let Ω be the family of functions φ which are analytic on D, and satisfy the
conditions φ(0) = 0, |φ(z)| < 1 for all z ∈ D. If f1 and f2 are analytic functions
on D, then we say that f1 is subordinate to f2 written as f1 ≺ f2, if there exists a
Schwarz function φ ∈ Ω such that f1(z) = f2(φ(z)).
Lemma 1.4. [7](Jack’s Lemma) Let φ(z) be regular in the open unit disc D with
φ(0) = 0, |φ(z)| < 1. Then if |φ(z)| attains its maximum value on the circle |z| = r
at the point z0, one has z0φ
′(z) = kφ(z0), k ≥ 1.
In this present paper, we will investigate the class of harmonic univalent functions
given as
SH(S) :=
{
f = h+ g|h ∈ S
}
.
We first introduce relation between analytic and co-analytic part of the class har-
monic univalent functions by means of second dilatation is constant. In Theorem
2.5, we prove the Conjecture 1.3 part (i) and further, in Theorem 2.6 the distortion
bounds of f will be proven.
2 Main Results
Theorem 2.1. Let f = h+ g given by (1.1) be an element of SH(S), then
|g(z)| < |h(z)|. (2.1)
Proof. Since f = h+ g ∈ SH(S), then we can write
w(z) =
g′(z)
h′(z)
⇒ w(0) = b1.
By condition of Schwarz function and subordination,
φ(z) =
w(z)− w(0)
1− w(0)w(z)
can be written
w(z) =
b1 + φ(z)
1 + b1φ(z)
⇔ w(z) ≺
b1 + z
1 + b1z
.
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On the other hand the linear transformation
b1 + z
1 + b1z
maps |z| = r onto the disc with
the centre
C(r) =
(
(1− r2)ℜb1
1− |b1|2r2
,
(1− r2)ℑb1
1− |b1|2r2
)
,
and with the radius
ρ(r) =
(1− |b1|
2)r
1− |b1|2r2
.
Then, we have ∣∣∣∣ w(z)− |b1|(1− r
2)
1− |b1|2r2
∣∣∣∣ ≤ (1− |b1|
2)r
1− |b1|2r2
.
Using the subordination principle, then we can write
w(Dr) =
{
g′(z)
h′(z)
:
∣∣∣∣g
′(z)
h′(z)
−
b1(1− r
2)
1− |b1|2r2
∣∣∣∣ ≤ (1− |b1|
2)r
1− |b1|2r2
, r ∈ (0, 1)
}
. (2.2)
In order to verify Schwarz function conditions, we define the function φ by
g(z)
h(z)
=
b1 + φ(z)
1 + b1φ(z)
. (2.3)
Note that φ is a well defined analytic function and φ(0) = 0. We now need to show
that φ satisfies the condition |φ(z)| < 1 for all z ∈ D. Taking the derivative from
(2.3), we obtain that
w(z) =
g′(z)
h′(z)
=
b1 + φ(z)
1 + b1φ(z)
+
(1− |b1|
2)zφ′(z)
(1 + b1φ(z))2
h(z)
zh′(z)
. (2.4)
Using the Koebe transformation of the function h (see [9]), the equality (2.4) can be
written in the form
w(z) =
g′(z)
h′(z)
=
(
b1 + φ(z)
1 + b1φ(z)
+
(1− |b1|
2)zφ′(z)
(1 + b1φ(z))2
1
1− |z|2
|h(z)|
|z|
eiθ
)
. (2.5)
Assume to the contrary that there exists a point z1 ∈ Dr such that |φ(z1)| = 1. In
view of Lemma 1.4, the equality (2.5) gives
w(z1) =
g(z1)
h(z1)
=
( b1 + φ(z1)
1 + b1φ(z1)
+
(1− |b1|
2)kφ(z1)
(1 + b1φ(z1))2
1
1− |z1|2
|h(z1)|
|z1|
)
/∈ w(Dr)
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This is a contradiction with (2.2) and hence |φ(z)| < 1 for all z ∈ D. Therefore, we
have
g(z)
h(z)
≺
b1 + z
1 + b1(z)
⇐⇒
g(z)
h(z)
=
b1 + φ(z)
1 + b1φ(z)
= w(z).
This shows that g(z) = h(z)w(z)⇒ |g(z)| < |h(z)|.
Corollary 2.2. Let f = h + g ∈ SH(S), then g(z) = ch(z), |c| < 1 and complex.
Proof. Using Theorem 2.1 and definition of second dilatation, we write
g(z)
h(z)
= w(z) =
g′(z)
h′(z)
⇒ log g(z) = log ch(z)⇒ g(z) = ch(z).
Corollary 2.3. Let f = h + g be an element of SH(S), then the second dilatation,
w(z) =
g′(z)
h′(z)
is constant.
Proof. Using Corollary 2.2, we have
g(z) = ch(z)⇒ g′(z) = ch′(z)⇒ w(z) =
g′(z)
h′(z)
= c
We note that harmonic mapping with the constant dilatation had been introduced
by Antti Rasila [10].
Corollary 2.4. Let f = h + g be a harmonic mapping, then
f ∈ SH(S) ⇐⇒ h ∈ S.
This corollary is a simple consequence of Theroem 1.1, Theorem 1.2 and Theorem
2.1.
Theorem 2.5. Let f = h+ g given by (1.1) be an element of SH(S), then
(a) |bn| ≤ |c|
n(n+ 1)
2
,
(b)
∣∣|an| − |bn|∣∣ ≤ n,
where n ≥ 2. These ineqaulities are sharp.
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Proof. Since g(z) = ch(z), |c| < 1, then we have b1 = c, ..., bn = can, n ≥ 2. Since
h ∈ S, deBranges Theorem [3] states that |an| ≤ n for every n ≥ 2. Therefore, we
obtain that
|b1|+ |b2|+ |b3|+ ...+ |bn| ≤ |c|(1 + |a2|+ |a3|+ ... + |an|)
≤ |c|(1 + 2 + 3...+ n)
⇒ |bn| ≤ |c|
n(n+ 1)
2
This proves the part (a) of theorem. On the other hand, since |c| < 1 and n ≥ 2, let
|c|
n+ 1
2
> 0⇒ −|c|
n+ 1
2
< 0
⇒ 1− |c|
n+ 1
2
≤ 1⇒ n(1− |c|
n+ 1
2
) ≤ n
⇒ |an| − |bn| ≤ |an − bn| ≤ n(1− |c|
n+ 1
2
) ≤ n
⇒ ||an| − |bn|| ≤ n
This proves the part (b) of theorem. This proof verify the Conjecture 1.3 part (i).
Theorem 2.6. Let f = h+ g given by (1.1) be an element of SH(S), then
dist(0, ∂f) ≥
1
4
(1− |c|).
Proof. Since f = h+ g ∈ SH(S), then we have distortion bound of the function h as
1− r
(1 + r)3
≤ |h′(z)| ≤
1 + r
(1− r)3
, (2.6)
and since the function f is sense-preserving, we have
(|h′(z)| − |g′(z)|)|dz| ≤ |df | ≤ (|h′(z)| + |g′(z)|)|dz|,
(1− |c|)|h′(z)||dz| ≤ |df | ≤ (|1 + |c|)|h′(z)||dz|. (2.7)
Considering (2.6) and (2.7) together, we obtain
(1− |c|)
∫
1− r
(1 + r)3
dr ≤ |f | ≤ (1 + |c|)
∫
1 + r
(1− r)3
dr.
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Calculating of above integral, we get
(1− |c|)r
(1 + r)2
≤ |f | ≤
(1 + |c|)r
(1− r)2
. (2.8)
Therefore,
dist(0, ∂f) = lim
r=|z|→1
inf |f | ≥ lim
r=|z|→1
(1− |c|)|z|
(1 + |z|)2
=
1
4
(1− |c|).
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